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Abstract
We connect the translation modes of the instanton in the two-dimensional
Abelian Higgs model with local translations of the vortex of the related model
in (3+1) dimensions, the Nielsen-Olesen vortex. In this context these modes
describe collective oscillations of the string. We construct the wave function
of this mode and we derive, via a virial theorem, an effective action for these
oscillations, which is consistent with the action constructed by Nielsen and
Olesen using general arguments. We discuss some aspects of renormalization,
based on a recent computation of one loop corrections to string tension of
the vortex.
1e-mail: juergen.baacke@tu-dortmund.de
1 Introduction
A long time ago Nielsen and Olesen [1] discussed the vortex solution of the
(3+1) dimensional Abelian Higgs model as a possible model for strings. In
the same publication the authors discuss the effective action for the trans-
verse collective oscillations of the vortex which they find to be equivalent to
the Nambu-Goto action of string theory (see e.g. [2]). Their derivation is
based on a general consideration of Lorentz transformation properties of such
oscillations. We here derive the nonrelativistic limit of this effective action
from an analysis of the fluctuations in the underlying quantum field theory.
For quantum kinks (see, e.g., [3, 4]) the collective motion is related to
the translation mode. It is generated by infinitesimal displacements of the
classical kink solution and is a zero mode of the fluctuation operator. Its
quantization requires a special approach, by which the zero mode is found to
carry the kinetic energy of the collective motion of the kink.
In the Abelian Higgs model in two dimensions one finds an instanton
solution which describes topological transitions [5]. The fluctuations around
the classical solution display two zero modes which again are related to trans-
lation invariance. The one-loop prefactor for the semiclassical transition rate
is related to the functional determinant of the fluctuation operator. The zero
modes would cause this determinant to be infinite and have to be eliminated.
If handled properly, this elimination produces the correct dimension for the
transition rate [6, 7].
The instanton of the Abelian Higgs model reappears in the (3+1) dimen-
sional version of the model as the vortex solution which we will consider here.
The vortex solution is identical to the instanton solution in the transversal x
and y coordinates, and it is independent on z and of time. The translation of
the classical solution now becomes local, dependent on z. Instead of a collec-
tive motion of a quantum kink we have collective oscillations of the vortex.
The pole at p⊥ = 0 in the Euclidian Green’s function of the two-dimensional
model becomes a cut in the Green’ s function of the model in four dimen-
sions. In the computation of one-loop corrections to the string tension [8]
these modes can be included in the same way as all other fluctuations, in con-
trast to the two-dimensional case. Indeed, for the renormalization of these
corrections it is necessary to include the zero mode contribution. Still the
translation modes play a special roˆle, and in the present work we will discuss
these particular aspects.
The text is organized as follows: In Sec. 2 we present the model, the
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classical vortex solution and the classical string tension. In Sec. 3 we define
the fluctuation operator and relate it to the one-loop correction to the string
tension. Based on the derivation of the translation mode wave functions in
Appendix A and using a virial theorem proven in Appendix B we discuss in
Sec. 4 the collective string oscillations and their effective action. We discuss
in Sec. 5 the roˆle of the zero modes in the computation of the renormalized
the string tension. Conclusions are presented in Sec. 6.
2 Basic relations
The Abelian Higgs model in (3+1) dimensions is defined by the Lagrange
density
L = −1
4
FµνF
µν +
1
2
(Dµφ)
∗Dµφ− λ
4
(|φ|2 − v2)2 . (2.1)
Here φ is a complex scalar field and
Fµν = ∂µAν − ∂νAµ , (2.2)
Dµ = ∂µ − igAµ . (2.3)
The particle spectrum consists of Higgs bosons of massm2H = 2λv
2 and vector
bosons of mass m2W = g
2v2. The model allows for vortex type solutions,
representing strings with a magnetic flux, the Nielsen-Olesen vortices [9, 1,
10]. The cylindrically symmetric ansatz for this solution is given, in the
singular gauge, by 2
Acl⊥i (x, y, z) =
εijx
⊥
j
gr2
[A(r) + 1] i = 1, 2 (2.4)
φcl(x, y, z) = vf(r) . (2.5)
where r =
√
x2 + y2 and ϕ is the polar angle. Furthermore Acl3 = A
cl
0 = 0.
With this ansatz the energy per unit length, or string tension σ takes the
form
σcl = πv
2
∫ ∞
0
dr
{
1
rm2W
[
dA(r)
dr
]2
+ r
[
df(r)
dr
]2
+
f 2(r)
r
[A(r) + 1]2
+
rm2H
4
[
f 2(r)− 1]2} . (2.6)
2 We use Euclidean notation for the transverse components, so A⊥
1
≡ A1 = −A1 etc.
2
The classical equations of motion are given by{
∂2
∂r2
+
1
r
∂
∂r
− [A(r) + 1]
2
r2
− m
2
H
2
[
f 2(r)− 1]
}
f(r) = 0 , (2.7)
{
∂2
∂r2
− 1
r
∂
∂r
−m2W f 2(r)
}
[A(r) + 1] = 0 , (2.8)
which are to be solved numerically with
A(r)
r→0−→ const. · r2 , A(r) r→∞−→ −1 ,
f(r)
r→0−→ const. · r , f(r) r→∞−→ 1 , . (2.9)
3 Fluctuation operator and one-loop string
tension
Expanding the gauge and Higgs fields as
φ = φcli + ϕ1 + iϕ2 (3.10)
Aµ = A
cl
µ + aµ (3.11)
the dynamics of the fluctuations is described by the second order gauge fixed
Lagrangian [6]
LII = −aµ1
2
(−✷− g2φ2) aµ
+ϕ1
1
2
[−✷+ g2AµAµ − λ (3φ2 − v2)]ϕ1
+ϕ2
1
2
[−✷+ g2AµAµ − g2φ2 − λ (φ2 − v2)]ϕ2
+ϕ2(gA
µ∂µ)ϕ1 + ϕ1(−gAµ∂µ)ϕ2 (3.12)
+ aµ(2g2Aµφ)ϕ1 + a
µ(2g∂µφ)ϕ2
+η1
1
2
(−✷ − g2φ2) η1 + η2 1
2
(−✷− g2φ2) η2 ,
Here ϕ1 and ϕ2 denote the real and imaginary part of the Higgs field fluctu-
ations, ηi are the Faddeev-Popov ghosts, and we have chosen the ’t Hooft-
Feynman background gauge. In compact notation this may be written as
LII = 1
2
ψ∗iMijψj . (3.13)
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The fields ψi denote the ensemble of gauge, Higgs and Faddeev-Popov fields
and the fluctuation operatorMij is defined by this and the previous equation.
In terms of the fluctuation operatorsM on the vortex andM0 for the vacuum
background fields, the effective action is defined as
Seff =
i
2
ln
{
detM+ iǫ
detM0 + iǫ
}
. (3.14)
As the background field is time-independent and also independent of z the
fluctuation operators take the form
Mij = (∂20 − ∂23)δij +M⊥ij , (3.15)
where M⊥ is a positive-definite operator describing the transversal fluctua-
tions. It is identical for the longitudinal and timelike gauge fields and for the
Faddeev-Popov ghosts, so these contributions to the effective action cancel.
The remaining degrees of freedom form a coupled system of four fields ψi:
the real and imaginary part of the Higgs field fluctuations ϕ1, ϕ2 and the
transverse gauge field fluctuations a1, a2.
As is well known the logarithm of the determinant can be written as
the trace of the logarithm. One can do the trace over k0, the momentum
associated with the time variable, by integrating over T
∫
dk0/2π, where T
is the lapse of time. One then obtains
Seff = −T 1
2
∑[
Eα −E(0)α
]
, (3.16)
where Eα are square roots of the eigenvalues of the positive definite operator
− ∂23 +M⊥ , (3.17)
and likewise E
(0)
α are those of the analogous operator in the vacuum
− ∂23 +M0⊥ = −∂23 − ~∇2⊥ +m2 . (3.18)
Here m2 = diag(m21, . . . , m
2
n) is the diagonal mass squared operator for the
various fluctuations.
So the effective action is equal to the sum of differences between the zero
point energies of the quantum fluctuations around the vortex and the ones of
the quantum fluctuations in the vacuum, multiplied by −T . Further, we can
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do the trace over the variable k3 by integrating over L
∫
dk3/2π. We then
obtain
Seff = −TL
∑
α
∫
dk3
2π
1
2
[√
k23 + µ
2
α −
√
k23 + µ
(0) 2
α
]
, (3.19)
where µ2α are the eigenvalues of the operatorM⊥ and µ(0) 2α those of −~∇2⊥ +
m2. In the same way the classical action becomes
Scl = −TLσcl (3.20)
where σcl is the classical string tension. The fluctuation part of the string
tension is given by
σfl =
∑
α
∫
dk3
2π
1
2
[√
k23 + µ
2
α −
√
k23 + µ
(0) 2
α
]
. (3.21)
Of course all expressions are formal, the integrals do not exist before a suit-
able regularization.
A way of computing σfl has been formulated in Ref. [8]: one computes
the matrix valued Euclidian Green’ s function of the fluctuation operator
defined by
(p21+M⊥)G(x⊥,x′⊥, p) = 1δ2(x⊥ − x′⊥) (3.22)
and similarly for M0. Then with
F (p) =
∫
d2x⊥Tr [G(x⊥,x⊥, p)− G0(x⊥,x⊥, p)] (3.23)
the fluctuation correction to the string tension is given by
σfl = −
∫ ∞
0
p3 dp
4π
F (p) (3.24)
The function F (p) has been computed in Ref. [8]. For small p it behaves
as 2/p2, as expected for two translation modes which yield poles at p = 0.
This is displayed in Fig. 1 for ξ = mH/mW = 1. For large momenta
F (p) again behaves as p−2, but with a different coefficient. The contribution
of the translation modes, as well as the entire fluctuation correction are
quadratically divergent. The renormalization has been discussed previously
[8]. We come back to the fluctuation correction below, but at first we discuss
explicitly the translation mode which describes collective oscillations of the
vortex.
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4 Collective string oscillations
For quantum kinks φ(x) the translation mode is proportional to the deriva-
tive of the classical solution, ψ0 = Ndφcl(x)/dx. It is an eigenstate of the
fluctuation operator with eigenvalue zero, and it leads to a pole in the Green’s
function of the fluctuation operator at energy ω = 0. For the quantum kink
the translation mode is related to the collective motion of the entire kink,
and its contribution to the quantum corrections is the kinetic energy. Here
we are considering local transverse displacements of the vortex. Each slice
between z and z +∆z is moving separately and the resulting motions of the
vortex can be described in terms of waves propagating along the string. In
the Green’s function of the complete fluctuation operatorM the pole appears
as a cut, starting at ω = 0.
Of course we again expect the zero modes to be related to the derivatives
of the classical solution ∇iφcl, but the fluctuation operator is matrix valued
and therefore we have to determine all four components of the eigenvector.
This is discussed in Appendix A, in a cylindrical basis of modes for which
the fluctuation operator was derived in Refs. [6, 8]. The wave functions
of the zero modes arising from local translation invariance are derived in
Appendix A. Combining the modes with azimutal quantum numbersm = ±1
proportional to exp±iϕ one finds that an infinitesimal shift in the x direction
generates a four component wave function
ϕx1(r, ϕ) = vf
′(r) cosϕ , (4.1)
ϕx2(r, ϕ) = −v
A(r) + 1
r
f(r) sinϕ , (4.2)
ax(r, ϕ) =
(
0
−1
)
A′(r)
gr
, (4.3)
and a shift in the y direction leads to
ϕy1(r, ϕ) = vf
′(r) sinϕ , (4.4)
ϕy2(r, ϕ) = v
A(r) + 1
r
f(r) cosϕ , (4.5)
ay(r, ϕ) =
(
1
0
)
A′(r)
gr
. (4.6)
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The norm of these wave functions is given by
||ψxt ||2 =
∫
r dr
∫
dϕ
{
(ax1)
2 + (ax2)
2 + (ϕx1)
2 + (ϕx2)
2
}
= 2πv2
∫
r dr
{
1
m2W
A′2(r)
r2
+
1
2
(A(r) + 1)2
r2
f 2(r) +
1
2
f ′2(r)
}
,
and analogously for the y mode. Using the virial theorem proven in Appendix
B it takes the value
||ψxt ||2 = σcl , (4.7)
where σcl is the classical string tension.
In the mode expansion of the quantum fields these modes appear in the
form
φi(r, ϕ, z, t) = φ
cl(r, ϕ)δi1 +X(z, t)ϕ
x
i (r, ϕ) +Y(z, t)ϕ
y
i (r, ϕ) + . . . (4.8)
Ai(r, ϕ, z, t) = A
cl
i (r, ϕ) +X(z, t)a
x
i (r, ϕ) +Y(z, t)a
y
i (r, ϕ) + . . . ,(4.9)
where the dots indicate the contributions of all other eigenfunctions of the
fluctuation operator. While these have, in general, complex wave functions
we have written the contributions of the translation modes, which are real,
in a suggestive form using operators X(z, t) and Y(z, t). The canonical
momenta of the field operators are given by
ΠΦi (r, ϕ, z, t) = Φ˙i(r, ϕ, z, t = X˙(z, t)φ
x
i (r, ϕ) + Y˙(z, t)φ
y
i (r, ϕ) + . . . (4.10)
ΠAi (r, ϕ, z, t) = A˙i(r, ϕ, z, t) = X˙(z, t)a
x
i (r, ϕ) + Y˙(z, t)a
y
i (r, ϕ) + . . . ,(4.11)
The relation of the operator X to the usual creation and annihilation oper-
ators is given by
X(z, t) =
1√
σcl
∫
dk
2π2|k|
(
cx(k)e
i(kz−|k|t) + c†x(k)e
−i(kx−|k|t)
)
, (4.12)
Px(z, t) =
√
σcl
∫
dk
2π2i
(
cx(k)e
i(kz−|k|t) − c†x(k)e−i(kx−|k|t)
)
, (4.13)
and analogously for Y. Here we have used the fact that for the zero modes
we have ω = |k|. The operators cα(k) satify the commutation relations[
cα(k), c
†
β(k
′)
]
= 2π2|k|δαβδ(k − k′) , (4.14)
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and the commutation relation between X and Px is
[X(z, t),Px(z
′, t)] = iδ(z − z′) . (4.15)
The normalization factors
√
σcl in Eqs. (4.12) and (4.13) are determined by
the requirement that in the field expansion the operators cx(k), c
†
x(k) have to
appear multiplied by wave functions normalized to unity. This is necessary
for obtaining the canonical equal time commutation relations for the fields,[
Φi(x, y, z, t), Φ˙j(x
′, y′, z′, t)
]
= iδijδ
3(x− x′) (4.16)[
Ai(x, y, z, t), A˙j(x
′, y′, z′, t)
]
= iδijδ
3(x− x′) (4.17)
via the completeness relation of the wave functions. Of course, this complete-
ness relation requires of the inclusion of all eigenfunctions of the fluctuation
operator, which above are indicated by dots.
The second order Hamilton operator corresponding to the Lagrangian
(3.12) can be written in the form
HII =
∫
d2x⊥
∫
dz
1
2
{∑
i
ψ˙2i +
∑
i
[
dψi
dz
]2
+
∑
ij
ψiM⊥ijψj
}
. (4.18)
Here we are interested only in the contribution of the zero modes of M⊥. If
we insert the fluctuation fields of the field expansion Eqs. (4.8) and (4.9) the
operatorM⊥ij does not contribute. Using further the norm of the translation
modes in order to do the integration over d2x⊥ we obtain
HIItransl. = σcl
∫
dz
1
2
{
X˙2 +X′2 + Y˙2 +Y′2
}
. (4.19)
Including the classical string tension we find
H = σcl
∫
dz
[
1 +
1
2
(
X˙2 +X′2 + Y˙2 +Y′2
)}
+ . . . , (4.20)
where the dots indicate the contributions of higher modes. This looks anal-
ogous to the result for the quantization of kinks
H = M +
1
2M
P2 + · · · = M(1 + 1
2
X˙2) + . . . . (4.21)
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There we know that the complete result, which only appears if higher loops
are included, must be Lorentz covariant:
H =
M√
1− X˙2
+ . . . , (4.22)
corresponding to an action
S = −M
∫
dt
√
1− X˙2 . (4.23)
For the case of the Nielsen-Olesen vortex the action
S = −σcl
∫
dt
∫
dz
√
1− X˙2 − Y˙2 +X′2 +Y′2 . (4.24)
implies the string Hamiltonian
H = σcl
∫
dz
1 +X′2 +Y′2√
1− X˙2 − Y˙2 +X′2 +Y′2
(4.25)
which in the nonrelativistic limit leads to Eq. (4.20). In this limit these
results are in agreement with Ref. [1]
5 Energy of collective fluctuations and renor-
malization
The Hamiltonian for collective oscillations of the vortex primarily describes
excitations of the string, here: transversal waves that propagate along the
z axis. The zero point energies associated with these degrees of freedom
can be absorbed, in the string picture, into the redefinition of the string
tension. In quantum field theory they are absorbed, as all other divergences,
by counter terms local in the fields, the string tension does not appear in the
basic Lagrangian and there is no related counter term either. The difference
between the two approaches appears in a similar way in the case of the
Casimir effect [11, 12]. We would like to discuss this in some detail.
The trace of the Euclidian Green’ s function F (p) for the gauge-Higgs sec-
tor is displayed in Fig. 1. We have mentioned already that at low momenta
it behaves as 2/p2 which is the reflection of the two zero modes. At high
9
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0,0001
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0,1
1
10
F(p)
Figure 1: The integrand function F (p) defined in Eq. (3.23): circles: the
unsubtracted function; dashed line: asymptotic behaviour a/p2; solid line:
zero mode contribution 2/p2; diamonds: the subtracted function; dotted line:
asymptotic behaviour ∝ 1/p6 of the subtracted function.
momenta it behaves as a/p2 + b/p4 + O (p−6) where the coefficients a and b
are determined by the lowest orders of perturbation theory. A contribution
to the Green’ s function which at high momenta is proportional to 1/p2 is
converted, via Eq. (3.24) into a quadratic divergence for the one-loop string
tension. If we consider the complete Green’ s function then this quadratic
divergence, as well as the subleading logarithmic one, can be handled [8] by
subtracting the leading orders perturbation theory analytically and by regu-
larizing and renormalizing them in the usual way. The subtracted function,
whose integral is finite, behaves as p−6; it is plotted in Fig. 1. The zero mode
poles are part of the asymptotic Green’ s function; if they were removed, the
asymptotic behaviour of the subtracted Green’s function would be −2/p2
and its integral would again be divergent. We neither have a prescription
to handle this divergence nor the one of the separated zero mode pole. So
within usual renormalized perturbation theory there is no obvious way to
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quantify the contribution of the collective string oscillations to the total one-
loop fluctuation energy: the renormalization of the contribution of collective
fluctuations to the string tension is embedded into the renormalization of
the entire one-loop contribution within the framework of renormalized quan-
tum field theory. It is not necessary to invoke a mathematical definition of
divergent sums like the zeta function regularization.
There is further a conceptual difference between the zero point energy of
the collective fluctuations in a string picture and their contribution to the
one-loop corrections in quantum field theory: In a pure string picture the
presence of fluctuations trivially requires the presence of the string. Once
included their zero point energies are added to the string tension. So, if their
contribution were be finite it would positive. In quantum field theory the
fluctuations of the field are present even in the absence of the vortex. The
vortex generates an attractive potential. The presence of the zero modes
implies that levels of a continuum which starts at energies larger than mW or
mH are pulled down such that at least in one channel the continuum starts
at energy zero. So we expect a negative contribution to the string tension.
Indeed the unsubtracted function F (p) is positive and if the integral of Eq.
(3.24) were finite, σfl would be negative. This simple feature gets obscured
in the process of regularization and renormalization.
6 Conclusions
We have considered here a particular aspect of the one-loop corrections to the
string tension of the Nielsen-Olesen vortex, the roˆle of the translation modes.
We have identified their wave functions and derived their contribution to the
string tension. This contribution describes the energy of transversal waves
propagating along the direction of the string. These can be considered as
collective fluctuations of the classical vortex, in the same way as the trans-
lation modes of quantum kinks describe the collective motion of the kink.
This relation is made precise, in both cases, by virial theorems. The effec-
tive action for the fluctuations is found to be the nonrelativistic limit of the
Nambu-Goto action.
For the handling of the divergent one-loop corrections we have discussed
conceptual differences between standard string theory and the vortex of the
Abelian Higgs model. In the latter case the divergences associated with the
the zero point energies of collective fluctuations are treated along with those
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of other fluctuations within the standard framework of renormalized quantum
field theory.
The approach described here only pertains to a straight line vortex of
infinite length. It can be expected to hold for more general string configu-
rations as long as the curvature radii and a possible finite length are large
compared with the transverse extension of the string. The conceptual differ-
ences in renormalization between the idealized string model and the vortex
of a quantum field theory are of course of an entirely general nature. Indeed
they are more general than the special model considered here. E.g., if we
elevate a kink of an 1+1 dimensional quantum field theory to a domain wall
in 3 + 1 dimensions, its translation mode reappears in the form of collective
surface oscillations and the renormalization of this degree of freedom is again
embedded into the renormalization of the energy of all quantum fluctuations.
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Appendix
A The translation mode
The fluctuation operator for the coupled system of transverse gauge and
Higgs fields was derived in Ref. [8] in a basis of partial waves with “mag-
netic” quantum numbers m, proportional to exp(imϕ). We refer to this
reference for details. Essentially, the amplitudes Fm4 corresponds to the real
part of the Higgs field ϕ1, F
m
3 to the imaginary part of the Higgs field ϕ2,
and the amplitudes Fm1 and F
m
2 to combinations of the transverse gauge
fields a1, a2. The basis was chosen in such a way that the fluctuation oper-
ator becomes symmetric, and the amplitudes are real relative to each other.
The amplitudes Fi for m = 1 satisfy the following coupled system of linear
differential equations:{
−1
r
d
dr
r
d
dr
+m2W f
2
}
F 11 +
√
2mW f
′F 13 +
√
2mW
A+ 1
r
fF 14 = 0 (A.1){
−1
r
d
dr
r
d
dr
+
4
r2
+m2W f
2
}
F 12 +
√
2mW f
′F 13 −
√
2mW
A+ 1
r
fF 14 = 0 (A.2){
−1
r
d
dr
r
d
dr
+
1
r2
+
(A+ 1)2
r2
+m2W f
2 +
m2H
2
(
f 2 − 1)}F 13
+
√
2mW f
′(F 11 + F2)− 2
A+ 1
r
F 14 = 0 (A.3){
−1
r
d
dr
r
d
dr
+
1
r2
+
(A+ 1)2
r2
+
m2H
2
(
3f 2 − 1)}F 14
+
√
2mW
A+ 1
r
(F 11 − F 12 )− 2
A+ 1
r
F 13 = 0 .(A.4)
The last equation corresponds to the real part of the fluctuations of the field
φ, and the translation mode is obtained as ∇φcl = xˆvf ′. We therefore start
with the ansatz
F 14 = cf
′ , (A.5)
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where the coefficient c is a prefactor that will be fixed later. Applying the
derivative d/dr to the equation of motion for F 14 we find
d
dr
{
−1
r
d
dr
r
d
dr
+
[A(r) + 1]2
r2
+
m2H
2
[
f 2(r)− 1]
}
f(r) =
{
−1
r
d
dr
r
d
dr
+
[A(r) + 1]2
r2
+
m2H
2
[
3f 2(r)− 1]
}
f ′
−2(A + 1)
2
r3
f + 2
A+ 1
r2
fA′ = 0 . (A.6)
This is the equation of motion for F1 if the choose
F 13 = c
A+ 1
r
f (A.7)
F 11 − F 12 = c
√
2
mW
A′
r
. (A.8)
The assignment has to be checked for consistency with the remaining equa-
tions of motion. Multiplying the equation of motion of f(r) with (A + 1)/r
and commuting this factor with the derivatives we find
A+ 1
r
{
−1
r
d
dr
r
d
dr
+
[A(r) + 1]2
r2
+
m2H
2
[
f 2(r)− 1]
}
f(r) =
{
−1
r
d
dr
r
d
dr
+
1
r2
+
[A(r) + 1]2
r2
+
m2H
2
[
f 2(r)− 1]+m2Wf 2
}
A + 1
r
f(r)
−2(A+ 1)
2
r2
f ′ + 2f ′
A′
r
= 0 .(A.9)
In the intermediate steps we have used the equation of motion for A(r) in
order to replace a second derivative A”. The result is consistent with the
previous assignement if we choose
F 11 + F
2
2 = c
√
2
mW
A′
r
. (A.10)
So we find
F 12 = 0 (A.11)
F 11 = c
√
2
mW
A′
r
. (A.12)
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This has to be verified by deriving the equation of motion for A′/r. We
obtain it by applying 1/r d/dr to the classical equation of motion for A(r):
1
r
d
dr
{
−r d
dr
1
r
d
dr
+m2Wf
2
}
[A+ 1] ={
−1
r
d
dr
r
d
dr
+m2W f
2
}
A′
r
+ 2m2W
A + 1
r
ff ′ = 0 . (A.13)
This is consistent with the previous assigments and the equation of motion
for F 11 .
So we have derived that the wave function of the translation mode with
m = 1 is given by 

F 11
F 12
F 13
F 14

 = c


√
2/mW A
′/r
0
(A+ 1)f/r
f ′

 (A.14)
We have started this derivation by considering the gradient applied to the
scalar field φ = vf(r), but this has fixed only the component F4. The
component F3 is easily seen as arising from replacing the derivatives ∇i by
the covariant derivatives∇i−igAi. The wave function for the vector potential
is not given by an infinitesimal shift of the classical potential, but it correctly
describes the shift in the classical magnetic field.
There is of course a second translation mode, with m = −1. Its wave
function is given by 

F−11
F−12
F−13
F−14

 = c′


0√
2/mW A
′/r
−(A + 1)f/r
f ′

 (A.15)
From these wave functions in the azimutal basis and in terms of the ampli-
tudes F±1i we go back to the physical basis ϕ1, ϕ2, a1, a2. These are related
to the functions F 1i via
3

a1
a2
ϕ1
ϕ2

 = 1√2π


(F 11 + F
1∗
1 )/
√
2
i(F 11 − F 1∗1 /
√
2
−i[F 14 exp(iϕ)− F 1∗4 exp(−iϕ)]
F 13 exp(iϕ) + F
1∗
3 exp(−iϕ)

 (A.16)
3The prefactors appearing in the definitions of F1 and F2, Eq. (4.2) of Ref. [8] should
be 1/
√
2, not 1/2. This misprint also appears in Refs. [6] and [7]
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Here we have used reality constraints for the fields in order to eliminate the
functions F−1i . The wave functions corresponding to infinitesimal transla-
tions into the x and y directions are obtained by choosing the free coefficient
c is such a way that the real part of the Higgs field fluctuation ϕ1 is given by
dφcl/dx and dφcl/dy, respectively. Explicitly, cx = iv
√
π/2 and cy = v
√
π/2.
The complete wave functions are given in section 4.
B The virial theorem
As we have discussed in section 4 the normalization of the translation mode
derived from the deformation of the classical solution is given by
|ψt|2 = πv2
∫
r dr
{
2
m2W
A′2(r)
r2
+
(A(r) + 1)2
r2
f 2(r) + f ′2(r)
}
(B.1)
The classical string tension is given by Eq. (2.6), i.e.,
σcl = πv
2
∫
r dr
{
1
m2W
A′2(r)
r2
+
(A(r) + 1)2
r2
f 2(r) + f ′2(r)
+
m2H
4
[
f 2(r)− 1]2} (B.2)
In analogy with the virial theorem for quantum kinks, where the normaliza-
tion of the translation mode is equal to the classical mass, we expect a virial
theorem |ψt|2 = σcl which reduces to the identity∫
r dr
1
m2W
A′2(r)
r2
=
∫
r dr
m2H
4
(
f 2(r)− 1)2 . (B.3)
It can readily be verified numerically. In order to derive the relation analyt-
ically we use the following weighted integrals over the classical equations of
motion
I1 =
∫
r dr f
{
−1
r
d
dr
r
d
dr
+
[A+ 1]2
r2
+
m2H
2
(
f 2 − 1)
}
f = 0 (B.4)
I2 =
∫
r dr fr
d
dr
{
−1
r
d
dr
r
d
dr
+
[A+ 1]2
r2
+
m2H
2
(
f 2 − 1)
}
f = 0 (B.5)
I3 =
∫
dr (A+ 1)
d
dr
{
−r d
dr
1
r
d
dr
+m2W f
2
}
(A+ 1) = 0 (B.6)
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Integrating by parts these take the form
I1 =
∫
r dr
{(
df
dr
)2
+
(A+ 1)2
r2
f 2 +
m2H
2
f 2(f 2 − 1)
}
= 0 (B.7)
I2 =
∫
r dr
{
−2
(
df
dr
)2
− 2(A+ 1)
2
r2
f 2 −m2Hf 2(f 2 − 1)
+
m2H
4
(f 2 − 1)2 − (A+ 1)
2
r
ff ′
}
= 0 (B.8)
I3 =
∫
r dr
{
−A
′2
r2
+m2W
(A + 1)2
r
ff ′
}
(B.9)
Combining the first and second integral we find
I2 + 2I1 =
∫
r dr
{
m2H
4
(f 2 − 1)2 − (A + 1)
2
r
ff ′
}
= 0 (B.10)
Adding the third integral we obtain the relation
I2 + 2I1 +
1
m2W
I3 =
∫
r dr
{
− 1
m2W
A′2
r2
+
m2H
4
(
f 2 − 1)2} = 0 (B.11)
which is the expected result.
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